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Abstract 

We implement the Bethe anstaz method for the elliptic quantum group 

(2) 

-E TjT) {A\ ) . The Bethe creation operators are constructed as polynomi- 
als of the Lax matrix elements expressed through a recurrence relation. 
We also give the eigenvalues of the family of commuting transfer ma- 
trices defined in the tensor product of fundamental representations. 



1 Introduction 

Elliptic quantum groups are associative algebras related by Felder to ellip- 
tic solutions [8] of the star-triangle relation in statistical mechanics. Out of 
the Boltzmann weights of the corresponding interaction-round-a-face (IRF) 
model, one builds a dynamical i?-matrix which is a solution of the dynami- 
cal Yang-Baxter equation, a deformation of the usual Yang-Baxter equation. 
Many of the concepts and methods one is familiar with in the field of Quan- 
tum Inverse Scattering Method [2j \W\ [Tl] can be applied in the context 
of elliptic quantum groups. For example a family of commuting operators 
(transfer matrix) can be associated to every representation of the algebra, 
and a variant of the algebraic Bethe ansatz method can be implemented to 
construct common eigenvectors of these families of operators. 

The transfer matrix in a multiple tensor product of the so called funda- 
mental representation can be identified to the row-to-row transfer matrix of 
the original IRF model; whereas for certain highest weight representations 
one can derive from the transfer matrix the Hamiltonian of the corresponding 
Ruijsenaars-Schneider model with special integer coupling constants [6j[7]. 
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The corresponding eigenvalue problem can be viewed as the eigenvalue prob- 
lem of the g-deformed Lame equation[5]. The quasiclassical limit of this 
construction leads to Calogero-Moser Hamiltonians: scalar or spin type, de- 
pending on the representation chosen [I]. 

In this article we present the algebraic Bethe ansatz for the elliptic quan- 
go 1 ) 

turn group E TtV (A 2 ) [9]. The method is very similar to that described in 
[U [13] in that the main difficulty is the definition of the Bethe state creation 
operator which becomes a complicated polynomial of the algebra generators. 
We give the expression of this polynomial as a recurrence relation and derive 
the Bethe equations in the simplest representation of the algebra. 

2 Representations of the elliptic quantum group 

Following Felder [3] we associate a dynamical i?-matrix to the elliptic solution 
of the star-triangle relation given by Kuniba [12]. This .R-matrix has a 
remarkably similar structure to the B\ type matrix [13], but its entries are 
defined in terms of two different theta functions instead of just one. To 
write down the i?-matrix, we first fix two complex parameters 77, r such that 
Im(r) > 0. We use the following definitions of Jacobi's theta functions with 
the elliptic nome set to: p = e 2l7TT . 

00 

ti(u,p) = 0i (ttu) = 2p 1/s sin(Trn) JJ(1 - 2p> cos(2vra) + p 2j )(l - p 7 ') 

i=i 

00 

& v (u,p) = 4 (ttu) = JJ(1 - 2p>- 1 / 2 cos(27ra) + p 2i_1 )(l - p>) 
3=1 

We only write the explicit nome dependence if it is different from p 
These functions verify the following quasiperiodicity properties: 

$( u + 1) = tf(u + r) = -e- i7TT - 2i7TT ${u) 

Mu + 1) = Mu + r) = -e- inT - 2inT Mu) 

For the sake of completenes, we display additional useful identities: 

0„(u) = i e - inu+inT/4 ${u-T/2) 
M*ui,P 2 ) ^i-t/2)t?K + 1/2-t/2) ^ m{ui . U2) 

$ v {2u 2 ,p 2 ) ti(u 2 - t/2)${u 2 + 1/2 - r/2) 

which will allow eventually to reduce the matrix entries to a functional form 
containing only one theta function. 
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We define the following functions. 

tf(3?7 + l/2-it)tf(u-277) 



9W 
a(qi,q 2i u) 



^(377 + l/2)t?(-277) 
^(3r? + 1/2 - u)d(q 12 - u) 

0(3f7 + l/2)0(9i 2 ) 
#(377 + 1/2 - u)0(u) / 0(912 - 277)0(912 + 2 ?? ) \ 1/2 



^(-277)^(377 + 1/2) V 0(?i2) 2 
0(tt)0(gi + g 2 + ?? + 1/2 - u) r— 
0(377 + 1/2)0(9! + 92 -277) ^ G(gi)Gfe) 



, . 0(37? + 1/2 - -u)0(2g - 277 - u) $(u)$(2q + 77 + 1/2 - u) 

{Q,U) 0(3r/ + 1/2)0(29 - 2t?) + 0(3t7 + 1/2)0(29-2?7) W 



e(9,u) 



0(3t? + 1/2 + u)d(6r] -it) 0(n)0(377 + l/2-tt) 
0(377 + 1/2)0(677) 0(377 + 1/2)0(677) 

^-^(9) + ^^G(- ( 



where 



{1 if 9 = 77 

(9-2^)^(2^-4^,^) otherwise 
i?(g)i9 t ,(2q,p^) omerwise 

Let V be a three dimensional complex vector space, identified with C 3 , 
with the standard basis {ei,e 2 ,e3}. The elementary operators are defined 
by: Eije k = 5 jk ei and let h = E u - E 33 . 

The R-matrix then has the form. 

R(q,u) = g(u)E 11 ®E 11 +g(u)E 33 ®E 33 +£(q,u)E 22 ®E 22 

+ 0(77, 9, u)Ei 2 ® E 2 i + a(q, 77, u)E 2 i ® #12 + oi(-q, 77, u)E 23 ® E 32 

+ 0(77, -9, u)E 32 ® E 23 

+ /3(7? ; 9, ^)#22 ® #n + /%, V, u)E n ® E 22 + (3(-q, 7?, u)£ 3 3 ® E 22 

+ (3(r),-q,u)E 22 ®E 33 

+ 7(-?> 9, «)^33 ® #11 + -y(-Qi r l, u)E 23 ® £? 2 i + 7(»7> <?> ")#32 <8> E 12 

+ 7(9, -9, ® #33 + 7(9, 77, 1i)^21 ® #23 + 7( r ? ) -9, ")-El2 ® -E32 

+ S(q,u)E 31 ®E 13 + 5(-q,u)E 13 ® E 31 

Remark 2.1. By taking first the trigonometric limit (p — > 0) and then the 
nondynamical limit ( 9 — > 00) one recovers, up to normalization, the vertex 
type R-matrix given in 1$/. 

This i?-matrix also enjoys the unitarity property: 

R 12 (q,u)R 2 i{q, -u) = g(u)g(-u)l (1) 
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and it is of zero weight: 

[h® 1 + 1 ®h,Ri 2 (q,u)} = (h G fj) 

The i?-matrix also obeys the dynamical quantum Yang-Baxter equation 
(DYBE) in End(V ® V O V): 

i?i 2 (q - 2r]h 3 ,u 12 )R 13 (q,ui)R 23 (q - 2?//ii,u 2 ) = 
^23(9, u 2 )Ri3(q - 2r)h 2 ,u 1 )R 12 (q, u 12 ) 

where the "dynamical shift" notation has the usual meaning: 

Ru(q - 2rjh 3 ,u) ■Vi®V2®v 3 = (R\ 2 (q - 2r)X, u)v\ <g> v 2 ) ® v 3 (2) 

whenever hv 3 = Xv 3 . This definition of the dynamical shift can be extended 
to more general situations [3]. Indeed, let the one dimensional Lie algebra 
f) = Ch act on Vi, . . . , V n in such a way that each Vi is a direct sum of (finite 
dimensional) weight subspaces Vi [A] where h ■ x = Xx whenever x G Vi [A] . 
Such module spaces ar called diagonlizable rj-modules. Let us denote by 
hi G End(Vi ® . . . <8) V n ) the operator . . .®\®h®\® . . . acting non trivially 
only on the ith factor. Now let f(q) G End(Fi (g> . . . <8) V n ) be a function on 
C. Then f(hi)x = f(X)x if hi ■ x = Xx. 

Now we describe the notion of representation of (or module over) E T ^(A 2 ). 
It is a pair (C(q,u), W) where W = (&\£cW[X] is a diagonalizable f)-module, 
and C(q, u) is an operator in End(F (g) W) obeying: 

R 12 (q - 2rjh 3 ,u 12 )£ 13 (q,ui)£ 23 (q - 2r]hi,u 2 ) = 
£-23{q, u 2 )Ci 3 (q - 2r)h 2 , u 1 )Ri 2 (q, u 12 ) 

C(q, u) is also of zero weight 

[h v ® 1 + 1 (8> h w ,C(q,u)] = (h G rj) 

where the subscripts remind the careful reader that in this formula h might 
act in a different way on spaces W and V. 

An example is given immediately by W = V and C(q, u) = R(q, u — z) 
which is called the fundamental representation with evaluation point z and 
is denoted by V(z). A tensor product of representations can also be defined 

which corresponds to the existence of a coproduct-like structure at the ab- 

(2) 

stract algebraic level. Let (C(q,u), X) and (£'(q,u),Y) be two E T ^{A 2 ) 

modules, then (Cix(q — 2r]hY,u)C , 1Y (q,u),X (g) Y) is a representation of 
(2) 

E T ,~q{A 2 ) on X as>Y endowed, of course, with the tensor product fj-module 
structure. 

The operator C is reminiscent of the quantum Lax matrix in the FRT 
formulation of the quantum inverse scattering method, although it obeys a 



4 



different exchange relation, therefore we will also call it a Lax matrix. This 
allows us to view the C as a matrix with operator-valued entries. 

(2) 

Inspired by that interpretation, for any module over E TiV (A 2 ) we define 
the corresponding operator algebra of finite difference operators follow- 
ing the method in [3]. Let us take an arbitrary representation C(q,u) G 
End(F (g> W). The elements of the operator algebra corresponding to this 
representation will act on the space Fun(PF) of meromorphic functions of q 
with values in W . Namely let L G End(y (£>Fun(VF)) be the operator defined 
as: 

/ Ai{u) Bx{u) B 2 {u) \ 
L{u)=\ d(u) A 2 (u) B 3 (u) \ =C(q,u)e-^ hd " (3) 
V C 2 (u) C 3 (u) A 3 (u) J 

We can view it as a matrix with entries in End(Fun(W)): It follows from 
equation j3]) that L verifies: 

Ri 2 (q ~ 2r)h, u 12 ) L iw (q, u 1 )L 2W (q, u 2 ) = L 2W (q, u 2 )L lw (q, m) R 12 (q, u 12 ) (4) 

with Ri 2 (q,u) := exp(2r/(/ii + h 2 )d q )Ri 2 (q, u) exp(-2r)(hi + h 2 )d q ) 
The zero weight condition on L yields the relations: 

[h, Ai] = 0; [h, Bj] = -Bj (j = 1, 3), [h, B 2 ] = -2B 2 
[h,C j ]=C j (j = 1,3), [h,C 2 ]=2C 2 

so Bi's act as lowering and Q's as raising operators with respect to the h- 
weight. From the definition ((3|) one can derive the action of the operator 
algebra generators on functions: 

Ax{u)f{q) = f(q - 2ij)Ai(u); B x {u)f{q) = f(q)B 1 (u); 

B 2 (u)f(q) = f(q+2r ] )B 2 (u) 

and analogously for the other generators. 

Finally the following theorem shows how to associate a family of com- 
muting quantities to a representation of the elliptic quantum group 

(2) 

Theorem 2.1. Let W be a representation of E Ttrj (A 2 ). Then the transfer 
matrix defined by t(u) = TrL(u) G End(Fun(W)) preserves the subspace 
Fun(W)[0] of functions with values in the zero weight subspace ofW. When 
restricted to this subspace, they commute at different values of the spectral 
parameter: 

[t(u),t(v)]=0 

Proof. The proof is analogous to references [HE] □ 
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3 Bethe ansatz 



Algebraic Bethe ansatz techniques can be applied to the diagonalization 
of transfer matrices defined on a highest weight module. In this section, 
analogously to [13], we choose to work with the module W = V{z\) (g> . . . <8> 
V(z n ) which has a highest weight |0) = e± <g) . . . <8>ei € Fun(W)[n]. Any non- 
zero highest weight vector \Q) is of the form |0) = /(g)|0) with a suitably 
chosen f(q). We have indeed: 

d(u)\n) = (t = l,2,3) 

showing that is a highest weight vector; it is of h- weight n. 



A 1 (u)\n) = a 1 (u) f{q f{ * 7l) \n) 
A 2 (u)\n) = a 2 ( q ,u)\n) A 3 (u)\n) = o 3 ( g , u) /( ^ } 2??) \n) 

with the eigenvalues: 

, , jj ^(3r? + 1/2 - u + - + 2r/) 

aiW 11 ^(3r/ + 1/2)t9(-277) 



i=l 



, . -A- ^(3t? + 1/2 -u + Zj)ti{u - Zj) / #( q + v )#(q - 2rrn - ri) y 

a2{q,u) 11 ^(-2^(37? + 1/2) X ^(4-77)7% - 27771 + 7/) J 



i=i 
n 



-p-r - Zi)#(r) + 1/2-U + Zi ) 



i?(3t7 + 1/2)t?(-2t ? ) 



/ 7?(g - 2r]n)'d(q + 2r])-d v (2q - 4r]n,p 2 )'d v (2q + Ar],p 2 ) 
\-d{q)-d{q - 2rjn + 2i])'d v (2q,p 2 )'& v (2q - 4r]n + Arj,p 2 ] 

We look for the eigenvectors of the transfer matrix t(u) = 7YL(ti)| Fun ( W )[ ] 
in the form $ n («i, . . . ,u n )\Q) where 3> n (ui, . . . ,u n ) is a polynomial of the 
Lax matrix elements lowering the h- weight by n. 

During the calculations, we need the commutation relations of the gen- 
erators of the algebra. These relations can be derived from (Jl| and we only 
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list some of the relations to introduce further notation: 

Bl(ui)Bl(ii2) = W21 ( J3i(« 2 )-Bl(«l) Vr fl 2(«2)^i(«i) J + — rr-^CuO^lCua) 

V 2/21 (?) / 2/12 (<?) 

^(uOBiCuz) = zai(g)fli(tt2Mi(m) - " al ^' g ^ i(m)Ai(u2) 

P21 (?/,<?) 

A 1 (u 1 )B 2 (u 2 ) = -. r (021-82(^2)^1 (u 2 ) +j2i(-q,i])B 1 (ui)Bi(u 2 ) 

721 (-?,?) 

-^(-^^(nO^iK)) 
Si(n 2 )S 2 (ui) = — (/32i(77,-?)J32(«i)-Bi(«2) + 02i(t7,-?)-Bi(«i)B 2 (ti2)) 

921 

B 2 {u 2 )Bi(ui) = — (-(3 2 i(-q,'i])B 1 (ui)B 2 (u 2 ) + a 2 i(-q,7])B 2 (ui)B 1 (u 2 )) 

921 



where 



y{q,u) = — 

j(r),q,u) 



z{q,u 



and 

u{q,u) 



P(ri,q,u) 

g(u)i(q,-q,u) 



u)j{q, -q, u) - j(q, 77, u)j{r], -q, u) 



This function turns out to be independent of q and takes the following simple 
form: 

^(n + 1/2 - 77) 1 

uj[u) - 



0(u + l/2 + 77) 

This equality can be verified by looking at the quasiperiodicity properties 
and poles of both sides. 

Following [T^l [T3] and [E] we define the creation operator <E> m by a re- 
currence relation. 

Definition 3.1. Let $ m be defined by the recurrence relation for m > 2: 
• • . ,u m ) = i?l(ltl)* m -l(«2, • • • ,u m ) 

m ttJ — 1 wi 

- ^ f 7 fc II ^iC? + 2r ?) ^2(ui)$ m _ 2 ^2, . ,U m )A 1 ( Uj ) 

7=2 y^y") k=2 
Mi 

where $0 = lj ^1(^1) = -Bi(wi) an(f //ie parameter under the hat is omitted. 
For general m we prove the following theorem. 
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Theorem 3.1. $ m verifies the following symmetry property: 

$ m (tti, . . . ,u m ) = u i+ i^ m {ui, . . .,Ui-x,u i+ i,Ui,u i+ 2, ■ ■ -,u m ) (i = 1,2, . . . ,m-l). 

(5) 

Proof. The proof is analogous to that in [14] and is by induction on m. It 
is straightforward for i ^ 1. For i = 1 one has to expand <3? m one step 
further and then substitute it into ([5]). The right hand side is then brought 
to normal order of the spectral parameters using the relations between Lax 
matrix entries. The equality ((5j) then holds thanks to the following identitites 
verified by the i?-matrix elements: 

^i2ff2i 0:21(77, ~g) _ ^31^13(9 + 277) _ « 3 i(T7,g + 277) 

7/23(g)/32i(-g,77) #21 (-9,77)2/13(9) 2/23(9) /?3i (77, 9 + 277)2/21(9) 

and 

^ / ^42^24(9 + 277)234(3 + 277) | ^ ^32^23(9 + 277)2:43 (g + 2r/) \ 

12 V 2/14(9)2/23(9 + 277) 34 7^13(9)1/24(9 + 277) y 
_ / ^41^14(9 + 277)2:34 (g + 277) ^34^31^13(9 + 277)243 (g + 277) \ 
V 2/24(9)2/13(9 + 2t?) 7723(9)2714(9 + 277) y 

| ^12 / ^42 (~9 ~ 27/) 2 42 (g + 277)032(77,9 + 2t7)cj 2 4 \ 

2/12 (9) V 742 (-9 - 2t?, 9 + 277)7/43(3) /3 32 (77, 9 + 277)7724(9 + 2t?) / 

1 / £41 (~9 - 277) ^ Z41 (g + 277)0:31 (77, q + 277)u;i4 \ = Q 

272i(9) V74i(-9- 277,9 + 277)7/43(9) #31(77, 9 + 277)7/14(3 + 277) y 

□ 

The next step in the application of the Bethe ansatz scheme is the cal- 
culation of the action of the transfer matrix on the Bethe vector. For the 
highest weight module W described in the beginning of this section one has 
to choose the n-th order polynomial $ n for the creation operator to reach the 
zero weight subspace of W. The action of the transfer matrix on this state 
will yield three kinds of terms. The first part (usually called wanted terms 
in the literature) will tell us the eigenvalue of the transfer matrix, the second 
part (called unwanted terms) must be annihilated by a careful choice of the 
spectral parameters ui in $ n (iii, . . . ,u n ); the vanishing of these unwanted 
terms is ensured if the ui are solutions to the so called Bethe equations. 
The third part contains terms ending with a raising operator acting on the 
pseudovacuum and thus vanishes. 
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The action of A\ (u) on <E> n is given by 

n 

Ax(u)$ n = Y[z ku (q)<f> n A 1 (u)+ (6) 

fc=l 

n j-l 

J^Uj k B 1 (u)$ n -i(u 1 ,u j ,u n ,)A 1 (uj) + 
j=i k=i 

n l-l j-l 

7, Eij uik u jk B 2 (u)$ n - 2 (ui,ui,Uj, u n )Ai(ui)Ai(uj) 

Kj k=l fc=i 
k^l 

To calculate the first coefficients we expand $ n with the help of the recur- 
rence relation, then use the commutation relations to push A\{ui) to the 
right. This yields: 

a lu (rj,q) -A- 

A = ~r~ 1 Hl^iO?) 

Piu{V,Q) 11 



k=2 



„ ( Si u (-q) zi u {q)a 2u (r],q)uui\ tt , , x , x 
#12 = 7 x 7 7TT "I a 7 x 7-^—11^1(9 + 2^)^2(9) 

\7iu(-?> 9)2/12(9-277) P2u{v,Q)yui{q) ) rr = 3 

The direct calculation of the remaining coefficients is less straightforward. 
However, the symmetry of the left hand side of j6]) implies that Dj for j > 1 
can be obtained by substitution «i ~» Uj in D\ and by the substitution 

U\ U/, U2 Uj 

The action of ^(u) and ^(u) on <E> n will yield also terms ending in 

Ci(uy s . 
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The action of A 2 {u) on <E> n will have the following structure. 
Mu)Z n = f[ ^ q - 2 * k - 1)) * n A 2 (u) + 

k=l 

n j-l 

^ F j 1] J\uj k B 1 (u)$ n -i(u 1 ,Uj,u n )A2(uj) + 

j=l k=l 

n j-l 

^2 F j 2) Y\_UjkB3(u)$ n -l{ui,Uj,U n )A 1 (u j ) + 

3=1 k=l 

n l-l j-l 

^ Gli \\_^lk\\^jkB2{u)^n-2{ui,U h Uj,U n )Ai(ui)A 2 {Uj) + 

l<j k=l fc=i 

k+l 

n l-l j-l 

^2 G lf II Ulk II U jk B 2(u)^n-2(ui,Ui,Uj,U n )A 1 (Uj)A 2 (ui) + 
l<j k=l k=l 

k^l 

n l-l j-l 

^ Gf) Y[ u ik Y\_^jkB2(u)^ n -2(u 1 ,ui,u j ,u n )A 2 (ui)A 1 (u j ) + 

l<j k=l k=l 

k+l 



We give the coefficients and C?i2 , ^ ne remaining ones are obtained 



terms ending in C 

Le coefficients F^' 
by the same substitution as for A\{u) 

p{l) a u i(q, rj) -A- z lk (q - 2r](k - 1)) 

1 Ail (*/><?) M wife 



fc=2 



fc=2 

(l) 1 / z u i{q)a u2 {q - 277,77) 0^1(9,77)0:12(9 ~ 277,77)^ -A- z fc i(g + 2rj)z 2k (q - 2?](k - 1)) 



12 y«i(9) V Ax2(?7, 9 - 277) /? u i(t7, q)(3i 2 (v, 9 - 2??) / 1 = 1 u; 2 fc 

r (2) 0^1 (g, ri)a 12 (q - 2rj, 77) -A- z fc2 (g + ^v)zi k (q - 2rj(k - 1)) 



Adfa, q)y u i(q)Pi2{v, 9 - 2t?) ^ 



G (3) «ul(g,^) / ^l(9) 0^1(7?, -9) \ TT 

12 (3ui(-q,v) \u u iy U 2{q) yi2(q)Pui(ri,q)J M 



z k2 (q + 2r])z lk (q - 2r](k - 2)) 



k=3 Ulk 
It is instructing to give explicitly the expression of i 7 ^ 

(i) = %y -377)^(9 -27772 + 77) \ 5 -A 7%ifc - 2r7)^(m fc + 1/2 + 77) 

1 /Suifa, g) x V ^(g - - 2^n - 77) J W tf(?Ji fc + 1/2 - ^(m*) 
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The action of A%(u) on the Bethe vector is somewhat simpler. 

- n- w-^-i).-) *^ w+ 

n j-1 

Y\_uJ j kB 3 (u)$ n - 1 (ui,u j ,u n )A 2 (u j ) + 
j=i fe=i 

n J-1 j-1 
yjijj Y[^lkY\_^jk B 2(u)^n-2(ui,Ul,Uj,U n )A 2 (ui)A 2 (Uj) + 

i<j fc=l fc=i 
k^l 

terms ending in C 

where to save space used the notation 7 n fc(x, — ) = 7 u fc(x, — x). We give the 
coefficients H\ and I\ 2 , the rest can be obtained by the substitution of the 
spectral parameters as before. 



, z lk (q-2r,(k-2)) 



'12 



yui{q) ^ wife 

1 / ^2(9) a w i(g,77) \ -r-r z 2tl (<? - 2rj(k - 2))z lu (q - 2rj(k - 2)) 



n 



We are now going to gather the similar terms together and find a sufficient 
condition for the cancelation of the unwanted terms. We write the action of 
the transfer matrix in the following regrouped form: 

*(«)*„|n> = A$„|ft} + 

n j-1 

3=1 k=l 
n l-l j-1 

K\f Y\ JJ Uj k B 2 (u)$ n - 2 (ui,ui,Uj, u n )\Cl) + 

Z<j fc=l fc=l 

n j-1 

XI A 'j 3) IT ^J'fe^a («) $n-l («1 , «j , Un) |^) 
3=1 fc=l 

The eigenvalue is written in a general form as: 

A(«, {«,•}) = n ^(g) x ai(g,«)^=^ + f[ ^ = = 1)} x oafa.ti) + 

fe =i /w) 

1 -TT7T — T\ T x a 3 {q,u) — — . 

k Ink {-q + 2r] (k- 1 , - f(q) 
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where f(q) will be fixed later so as to eliminate to g- dependence. 

The condition of cancelation is then K^p = = for 1 < j and 

(2) 

K\- = for 1 < I < j with the additional requirement that these three 
different kinds of condition should in fact lead to the same set of n nonlinear 
Bethe equations fixing the n parameters of <J? n . 
Let us first consider the coefficient K j 1 ^ : 

K{ =D 1 a 1 {ui) — jj-^ \-F{ 'a 2 {q,ui) 

The condition = is then equivalent to: 
ai (ui) f(q) f$(q-2r ] n + r})\ 1/2 tf(q-3r]) n / 2 '&(q + r])^ 



x 



a,2(q,ui) f(q — 2rj) \~&(q — 2rjn — r\) ) "9{q — r]) n ~ 1 / 2 

A #(u lk - 2jjy^a 1 k + 1/2 + rj) 

l} 2 ${uik + 2ri)${u lk + 1/2-77) U 

Now one has to check that the remaining two conditions lead to the same 
Bethe equations. The condition 

= K® = F[ 2) ai { Ul ) -M + Hl a 2 (q + 2rj) 
/(o + 2r/J 

yields the same Bethe equation as in J7]) thanks to the identity (from the 
unitarity condition (JTJ) ) : 

a(r],q,u) = a(q,T],-u) 
/3{ri,q,u) (3(r],q,-u) 

(2) 

Finally, the cancelation of K\ 2 leads also to the same Bethe equation jT]) 



12 



thanks to the following identity: 

( hu{-q) zi u (q)a 2u (v,q)uj u i \ ^{q - 3r/) 

V7i«(-9)9)yi2(g-2?/) P2u(r],q)y u i(q) J t% - 77) 



iui(-Q,q)yi2(q-2rj) iui{-q,q)y U 2{q - 2v)J $(q-v) 

1 / z u i(q)a u2 (q -277,77) a^i (g, 77)012 (g - 277,77) 



y«i(?) V /3«2 (77,9 -277) P u i(rj,q,)f3 1 2(rj,q-2rj) 

l $(g - 77)7% - 577) 7?(n 12 - 27/)fl(m 2 + 1/2 + 77) 
V 7% + 77)79(9 - 377) t9(u 12 + 277)i9(ni 2 + 1/2 - 77) + 



X 



a u i((7, 77)012 (<? + 277,77) w /7?(g - 77)79(5 - 577) 79(n2i - 277)7^(7x21 + 1/2 + 77) + 



A*l (i7. (?)/9l2 (»/, 9 " 27?) y ${q + 77)7% ~ H t9(tx 2 i + 277)79(7x21 + 1/2-7?) 
a u i(q,r]) ( z ul (q) a ul (i],-q) 



Pui(-q,v) \Uuiy U 2(q) p u i (j],q)yi2(q) 

fd(~q~ + 377)7% - 3? ? )^(g - 77) t9(tx 2 i - 277)79(7x21 + 1/2 + 77) 
V $(q + V) 3 #(«21 + 277)7?(7X21 + 1/2 - 77) 

Now it remains to fix f(q) so as to ensure that the Bethe equation (hence 
its solutions) do not depend on q. This can be achieved by choosing 

7% + 77) 2 

where c is an arbitrary constant. 

The simultaneous vanishing of Kj , K 3 and is ensured by the 

same condition on the spectral parameters: 

n tfjuj - z k + 277) 2crj -A- 79(7x jfc - 2r})$(u jk + 1/2 + 77) 

_ x &(uj-z k ) ~ 6 jA#(u jk + 2rj)0(u jk + l/2-ri) 

Assuming a set of solutions {txi, . . . , u n } to this Bethe equation is known 
we write the eigenvalues of the transfer matrix as: 

_ _ 2vc yr $(u k -U- 2l])'&(3r] + 1/2 - u + z k )$(u - z k + 277) 
A{u,i Ui }) - e JLJL 79(u fc - 7x)t9(377 + 1/2)t9(-2t7) + 

11 t9(-277)t9(377 + 1/2) 

2r, C A ^ + 1/2 ~ TX + 7X fc )79(7X - Z k )${ V + 1/2 - U + Zfc) 

6 _i 79(77 + 1/2 -7x + 7x fc )79(3?7 + l/2)79(-2?7) 
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4 Conclusions 



We showed in this paper that the algebraic Bethe ansatz method can be 

(2) 

implemented in the elliptic quantum group E T ^(A 2 ). This elliptic quan- 
tum group is another example of the algebras associated rank one classical 
Lie algebras. We defined the Bethe state creation operators through a re- 
currence relation having the same structure as the ones in (T3J [T5] . As an 
example we took the transfer matrix associated to the tensor product of fun- 
damental representations and wrote the corresponding Bethe equations and 
eigenvalues. 
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